As a non-linear time variant system, the four-quadrant line converter of an electric multiple unit (EMU) was expressed by linear time periodic functions near an operating point and modeled by a steady-state harmonic domain matrix. The components were then combined according to the circuit connection and relations of the feedback control loops to form a complete converter model. The proposed modeling method allows the study of the amplitude of harmonic impedances to explore harmonic coupling. Moreover, the proposed method helps provide a better design for the converter controllers, as well as solves the problem in coordination operation between the EMUs and the AC supply. On-site data from an actual CRH 2 high-speed train were used to validate the modeling principles presented in the paper.
I. INTRODUCTION
Modern traction systems for high-speed trains generally utilize advanced, high-voltage, high-power electronic converters. All modern high-speed trains, such as the CHR 2 in China, have more than one motorized coach, which is called an electric multiple unit (EMU) [1] .
The single-phase (1P) four-quadrant line converter (4Q-LC) controlled by pulse-width modulation (PWM) is capable of offering high power factor operation and energy feedback through regenerative braking. However, the AC supply currents may still contain some low-and high-order harmonics [2] .
Recently, harmonic resonance events caused by system coordination issues occurred in railways, and several related technological challenges that emerged have to be understood and addressed. For example, on April 16, 2009, the extremely high harmonic resonant overvoltage caused the burnout of onboard zinc-oxide surge arrester of a CRH 2 in Hefei-Wuhan high-speed line, thus causing severe delays in the train schedule. A similar event occurred in a CRH380A during the joint test of the Beijing-Shanghai high-speed line [3] . Thus, the modeling of harmonic interactions between the 4Q-LC and the AC supply should be more accurate.
The harmonics generated by EMU converter are usually analyzed with separate frequencies. However, conventional methods are inaccurate because the different frequencies are not independent but coupled by time variant elements.
A model of the harmonics generated by self-commutation static power converters and natural commutation diode rectifiers in DC electric railways was proposed in [4] . A generic treatment in the frequency domain for the 4Q-LC was presented in [5] and [6] . A 3-D diagram for deriving specific analytical expressions of the harmonics of a three level (3L) 4Q-LC was used in [7] . However, these papers have not documented the influence of converter control parameters on harmonics generation. Although references [8] and [9] considered the relationship between converter control parameters and harmonics generation, the models in these papers do not take into account any interaction and coupling among the different harmonics. A harmonic transfer function (HTF) model of a diode converter and a single-loop control converter was reported in [10] and [11] . Despite the difference between the control strategy and the main structure of the model's system from those of CRH 2 is a promising analytical and modeling method.
Thus far, no study has contributed to the analysis of a modern EMU 1P-3L 4Q-LC and its harmonic representation beginning from the non-linear time variant model and linearizing it around an operating point. The objective of this study is to document the harmonic domain matrix (HDM) modeling of 4Q-LC. The proposed method is capable of obtaining a numerical model of a specific 4Q-LC and analyzing its harmonic coupling. The remainder of this paper is organized as follows. In Section II, the main circuit and control strategy of the 4Q-LC is briefly introduced. In Section III, the HDM of a particular linear time periodic (LTP) system is derived and applied to the 4Q-LC. In Section IV, data measured from an actual 4Q-LC of a CRH 2 train are used to confirm the validity of the modeling method. Section V defines harmonic impedance matrix (HIM) and explores some regular patterns that affect harmonic coupling. Finally, Section VI summarizes the conclusions of this work.
II.CIRCUIT AND CONTROL OF 4Q-LC

A. Main circuit of the EMU converter
The CRH 2 adopts power electronic converters that are designed to handle high voltage and power and fed from a secondary winding of traction transformer with a rated voltage of 1500 V at 50 Hz. The control performance of the converters is crucial in achieving load dynamics, which maintains the high power factor and suppresses the harmonics.
The topology of 4Q-LC embedded in CRH 2 is shown in Fig. 1 [12] . The DC link voltage is set at 3 kV. The identical capacitors C 1 and C 2 provide the neutral point to split the DC bus. The DC-link has no second order filter. Instead, the DClink capacitor values are large enough to reduce the DC voltage ripple to less than 1.5%. Eliminating the DC filtering components enhances the system reliability. Two identical resistors R 1 and R 2 are utilized across each capacitor to ensure equal voltage sharing across the capacitors and to discharge the capacitors when the 4Q-LC stops functioning. To simplify the succeeding analysis, the load of 4Q-LC, which is the three phase three level (3P-3L) inverter, will be modeled as a DC current source given that this paper focuses on 4Q-LC.
B. Control strategy of the converter
Many control strategies can be implemented for the EMU converter, including indirect current control [13] , instantaneous current control [14] , predictive current control [15] , [16] , and hysteresis current control [17] . All these strategies aim to maintain a high AC power factor and to make the waveform of the AC current be as close to a pure sinusoidal waveform as possible. These control strategies must simultaneously regulate the DC voltage under various load operating conditions.
The simplified circuit of a 4Q-LC and its vector diagram are shown in Fig. 2 and 3 , respectively. In Fig. 2 , the equivalent capacitor C is derived from the series connection of C 1 and C 2 ; hence C is C 1 /2. The equivalent resistor R is the series combination of R 1 and R 2 ; hence R is equal to 2R 1 .
In general, V in and I ac are in phase in the traction mode, and out of phase by 180° in the regeneration breaking mode.
According to [14] , instantaneous current control strategy is adopted for the 4Q-LC of CRH 2 , whose block diagram is given in Fig. 4 . The equation of the controller is given by 
Thus, * / ac dc V V can be used as the modulation waveform for comparison with the carrier. In addition, the pulse signal of the insulated-gate bipolar transistors (IGBTs) can be generated with control module for DC-link capacitor voltage balance.
III. 4Q-LC HARMONIC DOMAIN MATRIX
The 4Q-LC in an EMU is a non-linear time variant system because of the switching devices. This system can be linearized around a steady-state periodic trajectory, and can thus be analyzed as an LTP system.
A. HDM of LTP System
Assuming the impulse response of an LTP system is h(t,τ), the output can thus be expressed as [10] :
Applying Laplace transform to (2) and with proper derivation (provided in the appendix), the following equation is obtained:
where ω 0 is the fundamental frequency, U(s) is the Laplace transformation of u(t), and
, which is defined in the appendix as well. To simplify (3), a column vector of the input is assumed as:
Correspondingly, the output can be expressed as:
can be obtained to determine the relation of the output to the input, which is of the Toeplitz matrix [11] . Therefore, (3) can be written as
is called the harmonic transfer function (HTF) of the LTP system [7] , [8] .
Likewise, the input and output of an LTP system can be expressed by superposing exponentially modulated periodic (EMP) signals as in [18] : 
0) H
contains all the information on the coupling among different frequencies. In this paper and for practical purposes, an integer N will be set as the highest harmonic order that will be taken into account to allow for the truncation of the infinite matrix into a finite one with N N × elements. Therefore, the LTP system can be viewed as a coupled multiple inputs and multiple outputs (MIMO) LTI system in the frequency domain as well. In literature, several studies have focused on the areas of signal process and control, such as [21] and [22] , which analyzed LTP system through the frequency domain method.
B. Calculation of HDMs for typical systems 1) LTI system
The HDM of an LTI system with a transfer function ( ) G s is a diagonal matrix that has 0 ( ) G jnω as the diagonal elements.
2) Multiplication system
A multiplication system has a system equation of ( ) ( ) ( ) y t h t u t =
where y(t), h(t), and u(t) are periodic functions with the same fundamental frequency ω 0 . These three signals can then be expressed by Fourier series such as (8) with the assumption that s equals to 0. Thus, (9) (4) and (5) of the input and output. Hence, HDM will have the Teoplitz form:
3) Connection of two systems
When the two above systems are connected together, the resulting HDM can then be derived. If the two systems are in series, their HDMs should be multiplied; if the systems are in parallel, their HDMs should be added. With these considerations, the HDM of a 4Q-LC can be calculated, as discussed in the succeeding section.
C. Deriving the HDM of a 4Q-LC
The components of a 4Q-LC can be classified into two types. The passive devices, including R in , L in , R, and C shown in Fig. 2 , are components of LTI systems. While the 1P-3L converter and the controller should be treated as LTP systems.
1) Passive devices of 4Q-LC
According to the discussion in Part B of Section II, the crucial work in obtaining the HDM of an LTI system is determine its transfer function ( ) G s .
a)The ( ) G s of the leakage impedance of the EMU transformer is:
b) Given that the DC-link has no second-order filter, the ( ) G s of the capacitor and the parallel connected discharge resistor of the DC-link is:
2) 1P-3L converter of 4Q-LC For the multiplication system, obtaining the HDM is crucial in defining the periodic function h(t) in (9) . The ideal description of a 1P-3L converter is achieved through the modulation function m(t) defined by
Supposing no power is lost within the converter, the relationship between the input and output currents can be identified by applying the power balance principle:
The linearization of (14) and (15) (17) where * ac V is obtained from the inner current control of (1).
V t = m t V t +V t m(t) I t = m t I t +I t m t
This expression is of non-linear and should be linearized as: 
IV. VERIFICATION OF HDM
Given that the actual controller parameters of the CRH 2 converter are confidential because of commerciality, 4Q-LC can simply be analyzed as a grey box based on the publicly available information of its control strategy in Fig. 4 and the parameters of its main circuits, which are listed in Table I . 
A. Time domain simulation
To validate the HDM model, the inner variables V dc and I load , which are difficult to obtain in a running EMU, should be used at a given operating steady-state. In this paper, a time-domain simulation model through Matlab/Simulink should first be established. The effectiveness of this model can be verified through a comparison with the measured data. To effectively simulate the real 4Q-LC, the controller parameters in the simulation model are designed to meet the ordinary demands of control system dynamics [24] , as well as to make the waveform and harmonic spectrum of I ac to be almost identical to that of the data measured on-site. Fig. 6 provides a comparison of the measured AC current waveform and its spectrum with the results of the simulation. In the simulation, the measured line voltage is adopted as the voltage source V in to ensure that the simulation is as similar to the real environment as possible. Evidently, the simulated AC current waveform and its harmonic contents are almost identical to the measured ones. Therefore, the performance of the real 4Q-LC embedded in CRH 2 can be represented well by the built time domain simulation model.
B. Comparison of HDM model with time domain simulation
The time domain simulation model discussed above is convenient for deriving the converter inner variables and for superimposing specific input disturbances. Thus, this model is used to verify the HDM model. components generated by these two models when the responses attain the steady-state are listed in Table II . Therefore, the HDM model is proved to be valid for describing the small signal variation response of 4Q-LC around a given steady-state operating point. 
V. HARMONIC COUPLING OF 4Q-LC
A. Definition of HIM
Although the 4Q-LC of EMU can be considered as a passive model which is described by HDM around a steadystate operating point, the definition of the coupled relation between harmonics is still fuzzy. Given that the HDM can reflect the relationship between the variations of the AC voltage and the current, the impedance expression that would be obtained from HDM may naturally emerge. Therefore, an HIM Z can be defined through its elements as Given that HIM reflects the harmonic coupling better, the factors that may influence the harmonic behavior can be discussed through several comparisons.
1) Factor 1: EMU operating state
In Section III, the HDM is derived around a periodic trajectory that corresponds to a specific EMU operating state. Therefore, this state is definitely related to HDM, as well as to HIM. The influence of the different operating states of 4Q-LC on Z is shown in Table III .
According to the frequency range in focus, the truncated harmonic order N is taken as 100. Given that the smaller impedance amplitude represents a larger interaction effect among the harmonics, the primary elements whose amplitudes are relatively smaller, as listed in Table III . The low harmonics orders, such as 3 and 5, have smaller self-and mutual impedances. Meanwhile, the high harmonic orders with large input current amplitude of 1P-3L NPC converter with carrier ratio 25 are 49 and 51 [7] . Moreover, the mutualimpedances of order 49 and 51 to the fundamental frequency are significantly smaller compared with other high order harmonics. Several regular patterns shown in Table III can be further explored: the self-impedance angles are almost the same when EMU is in traction mode, regardless of the power level; the self-impedance angle when EMU is in the traction mode is almost opposite to the angle when EMU is in regenerative mode; and the amplitude of the self-impedance is inversely proportional to the traction power or regenerative power.
2) Factor 2: The controller parameters of 4Q-LC
The steady-state AC current harmonics generated by the 4Q-LC in a specific EMU operating state is primarily determined through the PWM modulation strategy. However, the AC current harmonics variation after an AC voltage disturbance is closely related to some controller parameters of 4Q-LC. Notwithstanding the mutual-impedance has indistinct laws along with the change of the EMU operating state, the whole HIM demonstrates a strong and clear variation law along with the change of several controller parameters. Considering that the amplitude of Z (1,1), Z(3,3), and Z(1,3) are within the close numerical range, only these three elements are included in Fig.7 . Such treatment is appropriate, because Z(1,1), Z(3,3) and Z(3,1) represent fundamental selfimpedance, harmonic self-impedance, and mutual-impedance, respectively. Meanwhile, the other elements of Z can conform to similar variation trends.
As shown in Fig. 7 , the amplitudes of Z decreased rapidly along with the increase in K pv (the proportional gain of the DC voltage PI controller in Fig. 4) or K pi (the proportional gain of AC current P controller in Fig. 4) , except for fundamental self-impedance. Alternately, the phases of Z slightly decreased as either K pv or K pi increase, except Z (1,1) . Therefore, the configuration of these controller parameters can evidently affect the harmonic performance significantly.
C. The significance of studying HIM
The self-impedance of a particular 4Q-LC with any control strategy can be easily shown through the diagonal elements of the HIM, which reflects the harmonic current variation under the voltage disturbance. Although the on-site test or the time domain simulation can show the harmonic current variation under the voltage disturbance, the method proposed in the present study can reveal the effects of the operating state and control parameters on the harmonic performance conveniently with more convincing evidence compared with previous methods.
Furthermore, the harmonic coupling is clearly demonstrated by the mutual-impedance, which appears in the non-diagonal elements of HIM. For example, an AC voltage disturbance of 100 V at Z(3,1), with the same phase of V in (t) in fundamental frequency may result in about 1.5 A threeorder harmonic current variation at full traction state.
In designing a single 4Q-LC, its controller parameters are always maintained by dynamic performance requirements and stability analysis [24] . Moreover, with regard to HIM, the harmonic performance is an important factor that should be Fig. 7 The variation of typical self-and mutual-impedances at full traction state: (a) Influence of K pv (b) influence of K pi considered in designing controllers. Furthermore, if the harmonics cannot be controlled under the standard proportions in ordinary design process, the harmonic current offset loops should be added into the controller. However, achieving a detailed controller design is beyond the scope of the current study.
When EMUs and the power supply network are analyzed as a single integrated system, with the consideration that the HIM can reflect harmonic current variation generated by the input voltage disturbance of 4Q-LC, the harmonic interactions between an EMU and the power supply system, as well as the interaction among the different EMUs in the same supply section, can be investigated in a more detailed and rigorous manner. Thus, the coordinate operating issues, including harmonic resonance and the influence of the background harmonics, can be predicted by combining the HIMs of involved 4Q-LCs and the HIM of the power supply network.
VI. CONCLUSION
An EMU 4Q-LC is analyzed as a specific LTP system around a periodic trajectory. This paper describes the HDM method of modeling a 4Q-LC. The HIM is likewise defined through some calculations of the HDM. The 4Q-LC can be treated as a passive impedance matrix when analyzing harmonic current variations under the line voltage disturbance around a steady-state operating point.
Through the comparison, some HIM rules are explored, which means that the regular patterns of how harmonics interact with one another can be determined. Moreover, the HIM can be treated as an additional consideration of the controller design, which can help reduce the harmonic coupling. The HDM modeling method can be easily applied to different types of electric trains; therefore, the proposed method has considerable potential to solve the harmonic coordination operation problems between electric trains and the power supply system.
APPENDIX
The output of an LTP system can be expressed through its impulse response h(t, τ) that is a T-periodic function with T being the period [10] . Thus,
